ABSTRACT. Reflexive polytopes which have the integer decomposition property are of interest. Recently, some large classes of reflexive polytopes with integer decomposition property coming from the order polytopes and the chain polytopes of finite partially ordered sets are known. In the present paper, we will generalize this result. In fact, by virtue of the algebraic technique on Gröbner bases, new classes of reflexive polytopes with the integer decomposition property coming from the order polytopes of finite partially ordered sets and the stable set polytopes of perfect graphs will be introduced. Furthermore, the result will give a polyhedral characterization of perfect graphs. Finally, we will investigate the Ehrhart δ -polynomials of these reflexive polytopes.
INTRODUCTION
Recently, the study on reflexive polytopes with the integer decomposition property has been achieved in the frame of Gröbner bases ( [11, 13, 14, 15, 16, 21] ). First, we recall the definition of a reflexive polytope with the integer decomposition property.
A lattice polytope (or an integral polytope) is a convex polytope all of whose vertices have integer coordinates. A lattice polytope P ⊂ R d of dimension d is called reflexive if the origin of R d belongs to the interior of P and if the dual polytope
is again a lattice polytope. Here x, y is the canonical inner product of R d . It is known that reflexive polytopes correspond to Gorenstein toric Fano varieties, and they are related to mirror symmetry (see, e.g., [1, 4] ). The existence of a unique interior lattice point implies that in each dimension there exist only finitely many reflexive polytopes up to unimodular equivalence ( [18] ), and all of them are known up to dimension 4 ( [17] ). Moreover, every lattice polytope is unimodularly equivalent to a face of some reflexive polytope ( [5] ). On the other hand, we say that a lattice polytope P ⊂ R d has the integer decomposition property if, for each integer n ≥ 1 and for each a ∈ nP ∩ Z d , where nP is the nth dilated polytope { na : a ∈ P } of P, there exist a 1 , . . . , a n belonging to P ∩ Z d with a = a 1 + · · · + a n . The integer decomposition property is particularly important in the theory and application of integer programing [22, §22.10] . Hence to find new classes of reflexive polytopes with the integer decomposition property is an important problem.
Given two lattice polytopes P ⊂ R d and Q ⊂ R d of dimension d, we introduce the lattice polytopes Γ(P, Q) ⊂ R d and Ω(P, Q) ⊂ R d+1 with Γ(P, Q) = conv{P ∪ (−Q)}, Ω(P, Q) = conv{(P × {1}) ∪ (−Q × {−1})}.
Here P × {1} = { (a, 1) ∈ R d+1 : a ∈ P }. By using these constructions, we can obtain several classes of reflexive polytopes with the integer decomposition property. In fact, in [11, 13, 14, 15] , large classes of reflexive polytopes with the integer decomposition property which arise from finite partially ordered sets are given. Moreover, in [16, 21] , large classes of reflexive polytopes with the integer decomposition property which arise from perfect graphs are given. In particular, we focus on the following result:
Theorem 0.1 ( [13, 15] In the present paper, we will generalize this result. In fact, we will show the following: It is known that every chain polytope is a stable set polytope of a perfect graph. Hence this theorem is a generalization of Theorem 0.1. On the other hand, we can regard this theorem as a polyhedral characterization of perfect graphs. For example, this theorem implies that a finite simple graph G on [d] is perfect if and only if for some (or all) finite partially ordered set P on [d], Γ(O P , Q G ) is a reflexive polytope. To find a new characterization of perfect graphs is also of interest.
We now turn to the discussion of Ehrhart δ -polynomials of Γ(O P , Q G ) and Ω(O P , Q G ) for a finite partially ordered set P on [d] and a perfect graph G on [d] . Let, in general, P ⊂ R d be a lattice polytope of dimension d. The Ehrhart δ -polynomial of P is the polynomial 
We will also generalize this theorem. In fact, we will show the following:
Theorem 0. 
In the present paper, by using the algebraic technique on Gröbner bases, we will prove Theorems 0.2 and 0.4. Section 1 will provide basic materials on order polytopes, chain polytopes, stable set polytopes and the toric ideals of lattice polytopes. In addition, indispensable lemmata for our proof of Theorems 0.2 and 0.4 will be also reported in Section 1. A proof of Theorem 0.2 will be given in Sections 2 and 3. Especially, in Section 2, we will prove the equivalence (i) ⇔ (ii) ⇔ (v) of Theorem 0.2 (Proposition 2.1), and in Section 3, we will prove the equivalence (iii) ⇔ (iv) ⇔ (v) of Theorem 0.2. Note that these proofs are very similar but they are not same. Finally, in Section 4, we will prove Theorem 0.4.
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PRELIMINARIES
In this section, we summarize basic materials on order polytopes, chain polytopes, stable set polytopes and the toric ideals of lattice polytopes. First, we recall two lattice polytopes arising from a finite partially ordered set. Let P be a finite partially ordered set on [d] . A poset ideal of P is a subset I ⊂ [d] such that if i ∈ I and j ≤ i in P, then j ∈ I. In particular, the empty set as well as [d] is a poset ideal of P. Let I (P) denote the set of poset ideals of P. An antichain of P is a subset A ⊂ [d] such that for all i and j belonging to A with i = j are incomparable in P. In particular, the empty set / 0 and each 1-element subset { j} are antichains of P. Let A (P) denote the set of antichains of P. Given a subset X ⊂ [d], we may associate ρ(X ) = ∑ j∈X e j ∈ R d , where e 1 , . . . , e d are the standard coordinate unit vectors of R d . In particular ρ( / 0) is the origin 0 of R d . Stanley [23] introduced two classes of lattice polytopes arising from finite partially ordered sets, which are called order polytopes and chain polytopes. The order polytope O P of P is defined to be the lattice polytope which is the convex hull of {ρ(I) : I ∈ J (P)}. The chain polytope C P of P is defined to be the lattice polytope which is the convex hull of {ρ(A) : A ∈ J (P)}. It then follows that the order polytope and the chain polytope are (0, 1)-polytopes of dimension d.
Second, we recall a lattice polytopes arising from a finite simple graph. Let G be a finite simple graph on 
Lemma 1.2 ([3, 1.2]). A graph is perfect if and only if it has neither odd holes nor odd antiholes as induced subgraph.
The first characterization is called the (weak) perfect graph theorem and the second one is called the strong perfect graph theorem. Now, we introduce the stable set polytopes of finite simple graphs. Let S(G) denote the set of stable sets of G. Then one has / 0 ∈ S(G) and {i} ∈ S(G)
. It is known that every chain polytope is the stable set polytope of a perfect graph. In fact, for a finite partially ordered set P on [d], its comparability graph G P is the finite simple graph on [d] such that {i, j} ∈ E(G P ) if and only if i < j or j < i in P. Then one has C P = Q G P . Since every comparability graph is perfect, the class of chain polytopes is contained in the class of the stable set polytopes of perfect graphs.
Next, we introduce the toric ideals of lattice polytopes. Let
. . , a n }. Then, the toric ring of P is the subalgebra
, s] generated by {t a 1 s, . . ., t a n s} over K. We regard K[P] as a homogeneous algebra by setting each deg
denote the polynomial ring in n variables over K. The toric ideal I P of P is the kernel of the surjective homomorphism π :
It is known that I P is generated by homogeneous binomials. See, e.g., [25] . We refer the reader to [9, Chapters 1 and 5] for basic facts on toric ideals together with Gröbner bases.
A lattice polytope P ⊂ R d of dimension d is called compressed if the initial ideal of the toric ideal I P is squarefree with respect to any reverse lexicographic order ( [25] 
We now turn to the review of indispensable lemmata for our proofs of Theorems 0.2 and 0.4. 
TYPE Γ
In this section, we prove the equivalence (i) ⇔ (ii) ⇔ (v) of Theorem 0.2. In fact, we prove the following proposition. 
∪ {z}] denote the polynomial ring over K and define the surjective ring homomorphism π :
where I, I ′ ∈ J (P) \ { / 0} with I = I ′ and S, S ′ ∈ S(G) \ { / 0} with S = S ′ . Since O P and Q G are compressed, we know that in < O P (I O P ) and in < Q G (I Q G ) are squarefree. Let M O P and M Q G be the minimal sets of squarefree monomial generators of in < O P (I O P ) and in < Q G (I Q G ). Then from [7] , it follows that
Let < be a reverse lexicographic order on
0} with I = I ′ and S, S ′ ∈ S(G) \ { / 0} with S = S ′ , and set
Let G be a finite set of binomials belonging to I Γ(O P ,Q G ) with M = {in < (g) : g ∈ G }. Now, we prove that G is a Gröbner base of I Γ(O P ,Q G ) with respect to <. Suppose that there exists a nonzero irreducible binomial f = u − v belonging to 
This implies that there exists a stable set S ∈ {S 1 , . . . , S b } such that i ∈ S. Then x I a y S ∈ M , a contradiction. Similarly, it does not follow that I a ′ \ I a = / 0. Therefore, by using Lemma 1.4, G is a Gröbner base of I Γ(O P ,Q G ) with respect to <. Thus, by Lemma 1.5, it follows that Γ(O P , Q G ) is a reflexive polytope with the integer decomposition property.
((i) ⇒ (iii)) First, suppose that there is no finite simple graph G on 
This implies that there exists 1 ≤ i ≤ ℓ such that a i / ∈ Z. Therefore, by Lemma 1.7, it follows that Γ(O P , P ∆ ) is not reflexive.
Next, we suppose that G is a non-perfect finite simple graph on [d] with ∆ = S(G), i.e., P ∆ = Q G . By Lemma 1.2, G has either an odd hole or an odd antihole. Suppose that G has an odd hole C of length 2ℓ + 1, where ℓ ≥ 2. By renumbering the vertex set of G, we may assume that the edge set of C is {{i, i + 1} : 
Finally, we suppose that G has an odd antihole C such that the length of C equals 2ℓ + 1, where ℓ ≥ 2. Similarly, we may assume that the edge set of C is {{i, i + 1} : 
is not reflexive, as desired.
TYPE Ω
In this section, we prove the equivalence (iii) ⇔ (iv) ⇔ (v) of Theorem 0.2. In fact, we prove the following proposition. Proof.
denote the polynomial ring over K and define the surjective ring homomorphism π :
, s] by the following:
where I, I ′ ∈ J (P) with I = I ′ and S, S ′ ∈ S(G) with S = S ′ . Since O P and Q G are compressed, we know that in < O P (I O P ) and in < Q G (I Q G ) are squarefree. Let M O P and M Q G be the minimal sets of squarefree monomial generators of in
• y S ′ < y S if S ′ ⊂ S, where I, I ′ ∈ J (P) with I = I ′ and S, S ′ ∈ S(G) with S = S ′ , and set
Now, we prove that G is a Gröbner base of I Ω(O P ,Q G ) with respect to <. Suppose that there exists a nonzero irreducible binomial 
Suppose that a ′ = 0 and I a = / 0. Then we have
Hence one obtains 2µ / 0 = α. By focusing on y
.
and in < ( f ′ ) divides u, a contradiction. Therefore, by Lemma 1.4, G is a Gröbner base of I Ω(O P ,Q G ) with respect to <. Thus, by Lemma 1.5, it follows that Ω(O P , Q G ) is a reflexive polytope with the integer decomposition property.
((i) ⇒ (iii)) First, suppose that ∆ is not flag. Then we can assume that L = [ℓ] with ℓ ≥ 3 is a minimal nonface of ∆. For 1 ≤ i ≤ ℓ, we set
Since 1 < (ℓ + 1)/(ℓ − 1) ≤ 2, one has a ∈ 2Ω(O P , P ∆ ). Now, suppose that there exist
However, since L / ∈ ∆, this is a contradiction. Hence Ω(O P , P ∆ ) does not have the integer decomposition property.
Next, suppose that G is a non-perfect finite simple graph on [d] with ∆ = S(G). Now, we consider the case where G has an odd hole C of length 2ℓ + 1, where ℓ ≥ 2. We may assume that the edge set of C is {{i, i + 1} : 1 ≤ i ≤ 2ℓ} ∪ {1, 2ℓ + 1}. Let S 1 , . . ., S 2ℓ+1 be the maximal stable sets of C and for 1 ≤ i ≤ 2ℓ + 1, v i = −(∑ j∈S i e j + e d+1 ). Then one has
Then we may assume that b 1 , b 2 ∈ (−Q C × {−1}) and b 3 = 0. However, since the maximal cardinality of the stable sets of C equals ℓ, this is a contradiction. Hence Ω(O P , Q G ) does not have the integer decomposition property. Finally, suppose G has an odd antihole C such that the length of C equals 2ℓ + 1, where ℓ ≥ 2. Similarly, we may assume that the edge set of C is {{i, i +1} : 1 ≤ i ≤ 2ℓ} ∪{1, 2ℓ + 1}. For 1 ≤ i ≤ 2ℓ, we set w i = −(e i + e i+1 + e d+1 ) and set w 2ℓ+1 = −(e 1 + e 2ℓ+1 + e d+1 ). Then one has
Then we may assume that c 1 , . . . , c ℓ ∈ (−Q G × {−1}) and c ℓ+1 = 0. However, since the maximal cardinality of the stable sets of C equals 2, this is a contradiction. Hence Ω(O P , Q G ) does not have the integer decomposition property, as desired.
EHRHART δ -POLYNOMIAL
In this section, we show Theorem 0.4.
Proof of Theorem 0.4. Let
∪ {z}] denote the polynomial ring over K and define the surjective ring homomorphism π : where I, I ′ ∈ J (P) \ { / 0} with I = I ′ and S, S ′ ∈ S(G) \ { / 0} with S = S ′ . Since C P and Q G are compressed, we know that in < C P (I C P ) and in < Q G (I Q G ) are squarefree. Let M C P and M Q G be the minimal sets of squarefree monomial generators of in < C P (I C P ) and in < Q G (I Q G ). Then from [10] , it follows that Let G be a finite set of binomials belonging to I Γ(C P ,Q G ) with M C Q = {in < (g) : g ∈ G }. By the same way of the proof of Proposition 2.1, we can prove that G is a Gröbner base of Ω(C P , Q G ) with respect to <. Now, use the same notation as in the proof of Proposition 2.1. Set
Then by Lemma 1.8, the Hilbert function of K[Γ(O P , Q G )] equals that of R OQ , and the Hilbert function of K[Γ(C P , Q G )] equals that of R C Q . Moreover, it is easy to see that the ring homomorphism ϕ : R OQ → R C Q by setting ϕ(x I ) = x max(I) , ϕ(y S ) = y S and ϕ(z) = z is an isomorphism, where I ∈ J (P) \ { / 0} and S ∈ S(G) \ { / 0}. Hence since Γ(O P , Q G ) and Γ(C P , Q G ) have the integer decomposition property, we obtain δ (Γ(O P , Q G ), λ ) = δ (Γ(C P , Q G ), λ ).
Similarly, one has δ (Ω(O P , Q G ), λ ) = δ (Ω(C P , Q G ), λ ). Moreover, since the chain polytope C P is a stable set polytope of a perfect graph, by Lemma 1.10, it follows that
as desired.
